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1. Introduction
The nonlinear Schrödinger equation and its relatives play an important role in mathematics and physics. Such as,
the nonlinear Schrödinger equation can be applied to hydrodynamics, nonlinear optics, nonlinear acoustics and so on.
The nonisospectral nonlinear Schrödinger equation can be used to describe solitary waves in nonuniform media. In
mathematics, there are many methods developed for finding their soliton solutions, such as Hirota’s method [1–3], the
Wronskian technique [4,5], the inverse scattering transform [6–9], the Homotopy perturbation method [10], the exp-
function method [11,12], three-wave method [13] and so on. Among them, the derivative nonlinear Schrödinger equations
are concerned andhave beenwidely researched [14–17]. These equations can be used to interpret somephysical phenomena
such as the propagation of circular polarized nonlinear Alfvénwaves in plasma andmodel forwave propagation on a discrete
nonlinear transmission line and so on.
In this present letter, we consider the following higher-order generalized derivative nonlinear Schrödinger equation [18]
qt = qxxx + 3qrqxx + 3(qxr + q2r2)qx, (1a)
rt = rxxx − 3qrrxx − 3(qrx − q2r2)rx, (1b)
which is Lax integrable with the Lax pair
ϕx = Mϕ, M =
−12 (η2 − qr) ηq
ηr
1
2
(η2 − qr)
 , (2a)
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ϕt = Nϕ, N =
(
A B
C −A
)
, (2b)
where A = − 12η6 + qrη4 − (qxr − qrx + q2r2)η2 + 12 [qxxr + qrxx − qxrx + q3r3 + 3qr(qxr − qrx)],
B = qη5 − (qx + q2r)η3 + (qxx + 3qrqx − q2rx + q3r2)η,
C = rη5 + (rx − qr2)η3 − (−rxx + 3qrrx − r2qx − q2r3)η,
q and r are potential functions, η is a spectral parameter, ∂ = ∂
∂x , ∂∂
−1 = ∂−1∂ = 1.
This equation can also be obtained from the generalized Kaup–Newell hierarchy by taking n = 2 and proper
parameter [19]. Fan has shown that this equation is integrable in Liouville’s sense and possesses multi-Hamiltonian
structure.
This letter is organized as follows. In Section 2, we give the bilinear form of Eq. (1) and by using Hirota’s method, we give
the explicit N-soliton solutions of Eq. (1). The detailed derivation of the bilinear form of Eq. (1) is in Appendix.
2. Bilinear form and explicit N-soliton solutions
Through the dependent variable transformation
q = g
f
, r = h
s
, (3)
Eq. (1) can be transformed into the bilinear form
(Dt − D3x)g · f − 3hw = 0, (4a)
(Dt − D3x)h · s+ 3gp = 0, (4b)
D2x f · s = Dxg · h, (4c)
Dxf · s = gh, (4d)
D2xg · g = 2sw, (4e)
D2xh · h = 2fp, (4f)
where D is the well-known Hirota bilinear operator defined as
Dmt D
n
x f · g = (∂t − ∂t ′)m(∂x − ∂x′)nf (t, x)g(t ′, x′)|t ′=t,x′=x,
andw, p are auxiliary functions.
The detailed derivation is given in Appendix.
Substituting the expansion
f (t, x) = 1+ f (2)ε2 + f (4)ε4 + · · · + f (2j)ε2j + · · · , (5a)
g(t, x) = g(1)ε + g(3)ε3 + · · · + g(2j+1)ε2j+1 + · · · , (5b)
s(t, x) = 1+ s(2)ε2 + s(4)ε4 + · · · + s(2j)ε2j + · · · , (5c)
h(t, x) = h(1)ε + h(3)ε3 + · · · + h(2j+1)ε2j+1 + · · · , (5d)
w(t, x) = w(2)ε2 + w(4)ε4 + · · · + w(2j)ε2j + · · · , (5e)
p(t, x) = p(2)ε2 + p(4)ε4 + · · · + p(2j)ε2j + · · · , (5f)
into Eq. (4) and comparing the coefficient of the same power of ε, we have
g(1)t − g(1)xxx = 0, (6a)
g(3)t − g(3)xxx = −(Dt − D3x)g(1) · f (2) + 3h(1)w(2), (6b)
g(5)t − g(5)xxx = −(Dt − D3x)(g(1) · f (4) + g(3) · f (2))+ 3(h(1)w(4) + h(3)w(2)), (6c)
. . . ,
h(1)t − h(1)xxx = 0, (7a)
h(3)t − h(3)xxx = −(Dt − D3x)h(1) · s(2) − 3g(1)p(2), (7b)
h(5)t − h(5)xxx = −(Dt − D3x)(h(1) · s(4) + h(3) · s(2))− 3(g(1)p(4) + g(3)p(2)), (7c)
. . . ,
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f (2)xx + s(2)xx = Dxg(1) · h(1), (8a)
f (4)xx + s(4)xx = −D2x f (2) · s(2) + Dx(g(1) · h(3) + g(3) · h(1)), (8b)
f (6)xx + s(6)xx = −D2x(f (2) · s(4) + f (4) · s(2))+ Dx(g(1) · h(5) + g(3) · h(3) + g(5) · h(1)), (8c)
. . . ,
f (2)x − s(2)x = g(1)h(1), (9a)
f (4)x − s(4)x = −Dxf (2) · s(2) + g(1)h(3) + g(3)h(1), (9b)
f (6)x − s(6)x = −Dx(f (2) · s(4) + f (4) · s(2))+ g(1)h(5) + g(3)h(3) + g(5)h(1), (9c)
. . . ,
D2xg
(1) · g(1) = 2w(2), (10a)
D2x(g
(1) · g(3) + g(3) · g(1)) = 2(w(4) + s(2)w(2)), (10b)
D2x(g
(1) · g(5) + g(3) · g(3) + g(5) · g(1)) = 2(w(6) + s(2)w(4) + s(4)w(2)), (10c)
. . . ,
D2xh
(1) · h(1) = 2p(2), (11a)
D2x(h
(1) · h(3) + h(3) · h(1)) = 2(p(4) + f (2)p(2)), (11b)
D2x(h
(1) · h(5) + h(3) · h(3) + h(5) · h(1)) = 2(p(6) + f (2)p(4) + f (4)p(2)), (11c)
. . . .
Assuming that g(1), h(1) have the form
g(1) =
n∑
j=1
eξj , ξj = kjx+ ωjt + ξ (0)j , (12a)
h(1) =
n∑
j=1
eηj , ηj = −ljx+mjt + η(0)j , (12b)
then the N-soliton solutions of Eq. (1) can be obtained by solving (6)–(11).
For example, taking n = 1 in Eq. (12), we have
g(1) = eξ1 , h(1) = eη1 . (13)
By solving (6)–(11), we yield
f (2) = k1eξ1+η1+θ13 , s(2) = l1eξ1+η1+θ13 (14a)
f (m) = 0, s(m) = 0, m = 4, 6, . . . , (14b)
g(n) = 0, h(n) = 0, n = 3, 5, . . . , (14c)
w(l) = 0, p(l) = 0, l = 2, 4, 6, . . . , (14d)
where
ω1 = k31, m1 = −l31, eθ13 =
1
(k1 − l1)2 . (15)
Thus, the one-soliton solution is given by
q = e
ξ1
1+ k1eξ1+η1+θ13 , r =
eη1
1+ l1eξ1+η1+θ13 . (16)
Here we consider the characteristics of one-soliton solution q. When k1 > 0, it is the line soliton travelling with top trace
x(t) = −(k21 + k1l1 + l21)t +
1
k1 − l1
[
ln
(
− (k1 − l1)
2
l1
)
− ξ (0)1 − η(0)1
]
and the speed is
dx(t)
dt
= −(k21 + k1l1 + l21).
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Fig. 1. Shape of one-soliton solution of qwith k1 = 0.5, l1 = −1, ξ (0)1 = −1.5, η(0)1 = −0.5.
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Fig. 2. Shape of singular solution of qwith k1 = −3.5, l1 = 1, ξ (0)1 = −1.5, η(0)1 = −0.5.
We can see the shape from Fig. 1.
When k1 < 0, the solution is singular. We can see the shape from Fig. 2.
The movable singularity point is(
x(t) = −(k21 + k1l1 + l21)t +
1
k1 − l1
[
ln
(
− (k1 − l1)
2
k1
)
− ξ (0)1 − η(0)1
]
, t
)
.
Such singularity provides a point where |r| goes to infinity.
For n = 2, Eq. (12) becomes
g(1) = eξ1 + eξ2 , h(1) = eη1 + eη2 .
From (6)–(11), we obtain
f (2) = k1eξ1+η1+θ13 + k1eξ1+η2+θ14 + k2eξ2+η1+θ23 + k2eξ2+η2+θ24
s(2) = l1eξ1+η1+θ13 + l2eξ1+η2+θ14 + l1eξ2+η1+θ23 + l2eξ2+η2+θ24
w(2) = eξ1+ξ2+θ12 , p(2) = eη1+η2+θ34
g(3) = l1eξ1+ξ2+η1+θ12+θ13+θ23 + l2eξ1+ξ2+η2+θ12+θ14+θ24
h(3) = k1eξ1+η1+η2+θ34+θ13+θ14 + k2eξ2+η1+η2+θ34+θ23+θ24
f (4) = k1k2eξ1+ξ2+η1+η2+θ12+θ13+θ14+θ23+θ24+θ34
s(4) = l1l2eξ1+ξ2+η1+η2+θ12+θ13+θ14+θ23+θ24+θ34
f (m) = s(m) = 0, m = 6, 8, . . .
g(n) = h(n) = 0, n = 5, 7, . . .
w(l) = p(l) = 0, l = 4, 6, . . .
where
ωj = k3j , mj = l3j , (j = 1, 2),
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Fig. 3. Shape of two-soliton solution of qwith k1 = 2, k2 = 4, l1 = −1, l2 = −1, ξ (0)1 = 0, ξ (0)2 = 0, η(0)1 = 0, η(0)2 = 0.
eθ12 = (k1 − k2)2, eθ13 = 1
(k1 − l1)2 , e
θ14 = 1
(k1 − l2)2 ,
eθ23 = 1
(k2 − l1)2 , e
θ24 = 1
(k2 − l2)2 , e
θ34 = (l1 − l2)2.
Taking ε = 1, we have
f2 = 1+ f (2) + f (4), g2 = g(1) + g(3), s2 = 1+ s(2) + s(4), h2 = h(1) + h(3). (17)
Then we can obtain the two-soliton solution of Eq. (1) from Eq. (3). We depict the shape of q in Fig. 3.
In general, we have
fn =
∑
µ=0,1
A1(µ) exp
[
2n∑
j=1
µjξ
′
j +
2n∑
1≤j<ρ
µjµρθjρ
]
, (18a)
sn =
∑
µ=0,1
A1(µ) exp
[
2n∑
j=1
µjξ
′′
j +
2n∑
1≤j<ρ
µjµρθjρ
]
, (18b)
gn =
∑
µ=0,1
A2(µ) exp
[
2n∑
j=1
µjξ
′′
j +
2n∑
1≤j<ρ
µjµρθjρ
]
, (18c)
hn =
∑
µ=0,1
A3(µ) exp
[
2n∑
j=1
µjξ
′
j +
2n∑
1≤j<ρ
µjµρθjρ
]
, (18d)
where
ωj = k3j , mj = −l3j , (j = 1, 2, . . . , n)
ξ ′j = ξj + lnkj, ξ ′n+j = ηj, ξ ′′j = ξj, ξ ′′n+j = ηj + lnlj, (j = 1, 2, . . . , n)
eθj,n+ρ = 1
(kj − lρ)2 , (j, ρ = 1, 2, . . . , n),
eθjρ = (kj − kρ)2, eθ(n+j)(n+ρ) = (lj − lρ)2, (j < ρ = 2, 3, . . . , n),
A1(µ), A2(µ) and A3(µ) take over all possible combinations of µj = 0, 1 (j = 1, 2, . . . , 2n) and satisfy the following
conditions, respectively
n∑
j=1
µj =
n∑
j=1
µn+j,
n∑
j=1
µj = 1+
n∑
j=1
µn+j, 1+
n∑
j=1
µj =
n∑
j=1
µn+j.
3. Conclusions
In summary, we have obtained the bilinear form of the higher-order generalized derivative nonlinear Schrödinger
equation. By using the bilinear form, we give the N-soliton solutions of Eq. (1). In addition, we investigate the dynamics
including the one-soliton characteristics and the singular soliton solution.
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Appendix
According to transformation (3), Eq. (1) can be transformed into
Dtg · f = D3xg · f +
6
f 2
(−gxfxxf 2 + gxff 2x + gffxfxx − gf 3x )
+ 3gh
fs
(
D2xg · f −
g
f
D2x f · f
)
+ 3
(
h
f 2s
Dxg · f + g
2h2
f 2s2
)
Dxg · f , (A.1a)
Dth · s = D3xh · s+
6
s2
(−hxsxxs2 + hxss2x + hssxsxx − hs3x)
− 3gh
fs
(
D2xh · s−
h
s
D2xs · s
)
− 3
(
g
s2f
Dxh · s− g
2h2
f 2s2
)
Dxh · s. (A.1b)
Taking
(Dt − D3x)g · f −
3
2
h
s
D2xg · g = 0, (A.2a)
(Dt − D3x)h · s+
3
2
g
f
D2xh · h = 0, (A.2b)
from Eq. (A.1), we get
−s2Dxg · fD2x f · f + ghsfD2xg · f − g2hsD2x f · f + sh(Dxg · f )2 + g2h2Dxg · f −
1
2
f 2shD2xg · g = 0, (A.3a)
−f 2Dxh · sD2xs · s− ghsfD2xh · s+ gh2fD2xs · s− fg(Dxh · s)2 + g2h2Dxh · s+
1
2
s2fgD2xh · h = 0. (A.3b)
Rewriting Eq. (A.3) to another form
(sDxg · f + g2h)(sD2x f · f − 2hDxg · f )+ (sDxg · f + g2h)hDxg · f − ghsfD2xg · f +
1
2
f 2shD2xg · g = 0, (A.4a)
(fDxh · s− gh2)(fD2xs · s+ 2gDxh · s)− (fDxh · s− gh2)gDxh · s+ ghsfD2xh · s−
1
2
s2fgD2xh · h = 0. (A.4b)
Taking
sD2x f · f − 2hDxg · f = 0, (A.5a)
fD2xs · s+ 2gDxh · s = 0. (A.5b)
Eq. (A.4) is reduced to
(sDxg · f + g2h)hDxg · f − ghsfD2xg · f +
1
2
f 2shD2xg · g = 0, (A.6a)
−(fDxh · s− gh2)gDxh · s+ ghsfD2xh · s−
1
2
s2fgD2xh · h = 0. (A.6b)
In the following, we will verify the equation
D2x f · s = Dxg · h, (A.7a)
Dxf · s = gh, (A.7b)
whereby Eqs. (A.5) and (A.6) can be found simultaneously.
Firstly, we list some identities [2] which will be used in the following proof.
(D2xa · b)cd+ ab(D2xc · d) = (D2xa · d)cb+ ad(D2xc · b)− 2(Dxa · c)(Dxb · d), (A.8a)
(Dxa · b)cd+ ab(Dxc · d) = (Dxa · d)cb+ ad(Dxc · b), (A.8b)
(D2xa · b)cd− ab(D2xc · d) = Dx[(Dxa · d) · cb+ ad · (Dxc · b)], (A.8c)
Dxab · cd = (Dxa · d)cb− ad(Dxc · b). (A.8d)
From Eq. (A.5), by using Eqs. (A.8a) and (A.8b), we get
ssD2x f · f − 2shDxg · f + ffD2xs · s+ 2fgDxh · s = 2fsD2x f · s− 2(Dxf · s)2 − 2fsDxg · h+ 2ghDxf · s (A.9)
by taking Eqs. (A.7) and (A.9) to be equal to zero.
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By using Eqs. (A.7), (A.8c) and (A.8d), we also have
ssD2x f · f − 2shDxg · f − ffD2xs · s− 2fgDxh · s = 0. (A.10)
Eqs. (A.9) and (A.10) result in Eq. (A.5).
From Eq. (A.6), with the same method, we get
sh
[
(sDxg · f + g2h)hDxg · f − ghsfD2xg · f +
1
2
f 2shD2xg · g
]
+ fg[−(fDxh · s− gh2)gDxh · s+ ghsfD2xh · s−
1
2
s2fgD2xh · h] = 0, (A.11)
and
sh
[
(sDxg · f + g2h)hDxg · f − ghsfD2xg · f +
1
2
f 2shD2xg · g
]
− fg
[
−(fDxh · s− gh2)gDxh · s+ ghsfD2xh · s−
1
2
s2fgD2xh · h
]
= 0. (A.12)
Eqs. (A.11) and (A.12) result in Eq. (A.6). Thus, we complete the proof.
So, we have the bilinear form
(Dt − D3x)g · f −
3
2
h
s
D2xg · g = 0,
(Dt − D3x)h · s+
3
2
g
f
D2xh · h = 0,
D2x f · s = Dxg · h,
Dxf · s = gh.
By introducing two auxiliary functionsw and p, which satisfy
D2xg · g = 2sw,
D2xh · h = 2fp,
we obtain the bilinear form Eq. (4).
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